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Notation

Portfolio characteristics

Leverage & short selling

n

Ri

E[Ri] = pi
VAR(R;) = U,-Z =

riskless return

return (a random variable) of asset / with
i:{O,...,n}, R():ro

expected value of return of asset /
covariance of R; and R;

variance of R;
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Portfolio characteristics
Portfolio characteristics

Variance of return of single asset i
VAR(R) == E [(Ri — p)?]
Covariance of return of two assets / and j

COV(Ri, R;) = E[(Ri —pi) - (Rj — )]
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Portfolio characteristics

Random return of a portfolio

X; is the share of the market value of asset / in the market value of

the entire portfolio P:
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Portfolio characteristics

Expected value of portfolio return
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Portfolio characteristics
Portfolio characteristics

Variance of portfolio return

VAR(Rp) =E [(Rp — up)?]
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Portfolio characteristics

Variance of portfolio return

VAR(Rp) =3 3" % - x - COV(R;, R;)
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Portfolio characteristics

Variance of portfolio return — portfolio with just two assets

2
o1 012 X1
VAR(RP) = 0',23 = (X1,X2) . . .
012 05 X2

2 _ 2 2 2 2
< Op = X{07+2:-x1-X2-012+ X505
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Portfolio characteristics

Definition (correlation coefficient of returns)

_ COV(Ri, Ry)

Pij
e 0',‘-0'J'
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Portfolio characteristics

Portfolio characteristics

The correlation coefficient p; ; falls between [—1; 1]

pij=0 no correlation
pij=1 perfect positive correlation
pij=—1 perfect negative correlation
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Leverage & short selling

Leverage & short selling

Definitions

Definition (Leverage)

Leverage is an investment strategy.
» Aim of leverage: Increase of the expected value of returns.

» How to achieve leverage: Borrow money at the riskless rate
and invest the borrowed amount in risky assets.
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Leverage & short selling

Leverage & short selling
Definitions

Definition (Short selling)
Selling assets that are not currently owned.

The usual intention is to purchase (‘cover’) the assets later at a
lower price.
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Leverage & short selling

Mathematics

Return of leveraged portfolio

pp =xo- o+ (1 —xo) - p1
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Leverage & short selling

Leverage & short selling

Mathematics

Risk of leveraged portfolio

0 0 X0
O‘%Z (Xo,].—Xo)- 0 ) ° ,
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Leverage & short selling

Mathematics

Achievable 1p-0p-combinations

fi1—ro
o1

Hp =1+ op
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Leverage & short selling

Numeric example

Numeric example

Probability 0,25 0,25 0,25 0,25
State of the

environment 1 2 B 4
Asset 1 10,00% 20,00% 40,00% 80,00%
Asset2 15,00% 15,00% 15,00% 15,00%
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Leverage & short selling

Numeric example

s000%

s000%

3
H

Standarddevition retars portolo
g
H

2000

1000%

Standard deviation return portfolio

Share Asset 2
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Numeric example

Standard waistion of etrunof ortolis

Leverage & short selling

Achievable combinations of risk and expected return

7000%

000

1000% -+

: .
0ao% 10004 So0m.

Expected value ofretornof portfolo
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Leverage & short selling

Lessons

To remember

1. There is no ‘optimal portfolio’.

2. There is a trade-off between risk and return: You can only
trade risk for return and vice versa.

3. Is 20% expected return really better than 10% expected
return? — That depends on the risk!
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Diversification

Diversification

Definitions

Definition (Diversification)
Diversification is an investment strategy.

» Aim of diversification: Reduction of risk. The variance of the
return on a portfolio of risky assets shall be lower than the
sum of the variance of the returns on individual assets.

» How to achieve diversification: Combining risky assets.
Correlation of the returns on these assets is less than 1.
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Diversification

Diversification

Definitions

Definition (Hedging)
Combination of risky assets. Correlation of the returns on these

assets is less than 0 (p;; < 0).

Definition (Perfect hedge)

Creation of a zero risk portfolio from risky assets. Correlation of
returns is —1 (p;j = —1).
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Diversification

Mathematics — two risky assets

» Assume you got two risky assets earning an expected return of
w1 = E(Ry) respectively p1 = E(Ry).

» Put a share of x; in the riskless asset and a share of
xp = 1 — x7 in the risky asset.

» Allow short selling of the risky asset (x; < 0 and xp < 0 is
possible).

26 /41



Diversification

Diversification

Mathematics — two risky assets

Extreme scenario: Perfect positive correlation of risks

_COV(R.R) _,

= COV(R,‘, Rj) =0 0j
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Diversification

Diversification

Mathematics — two risky assets

Extreme scenario: Perfect positive correlation of risks

Portfolio risk:

2
o1 o102 X1

op = (x1,%)-
g1 02 O’% X2

& 0',2;. = (x1-01)2+2-(xl 'Ul)'(X2'02)+(X2'02)2

= Op= X1-01+Xo-02
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Diversification

Diversification

Mathematics — two risky assets

Extreme scenario: Perfect positive correlation of risks

o SOV(RLR)
Pij = i 0; =

~ COV(R,', R_,) = —0;-0j
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Diversification

Diversification

Mathematics — two risky assets

Extreme scenario: Perfect negative correlation of risks

Portfolio risk:

2
5 01 —01 * 02 X1
O'P: (XI;XZ)' ) o
—01 02 g5 X2

= 0',2;. = (x1-01)2—2-(xl 'Ul)'(X2'02)+(X2'02)2

= Op = X1°01— X2-0?
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Diversification

Diversification
Mathematics — two risky assets

Extreme scenario: Perfect negative correlation of risks

The perfectly hedged portfolio (‘synthetic’ risk-free security) fulfils
the condition:
op =20

= Xx1:01—Xx2-00=0

with
x1=1—x
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Diversification

Diversification

Numeric example — correlation 0.6

Numeric example — correlation 0.6

Probability 025 0,25 025 025
State of the

environment a 2 3 4
Asset1 10,00% 20,00% 40,00% 80,00%
Asset2 40,00% 30,00% 30,00% 40,00%
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Diversification

Numeric example — correlation 0.6

Standard deviation return portfolio
s000%

s000%

3
H

Standarddevition retars portolo
g
H

2000

1000%

Share Asset 2
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Diversification

Numeric example — correlation 0.6

o portols

Standard wristinn of et

500

]
H

Diversification

Achievable combinations of risk and expected return

Expected value ofretuno portiolio
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Diversification

Numeric example — correlation 1.0

Numeric example — correlation 1.0

Probability 025 0,25 025 025
State of the

environment a 2 3 4
Asset1 10,00% 20,00% 40,00% 80,00%
Asset2 20,00% 40,00% 80,00%  160,00%
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Diversification

Numeric example — correlation 1.0

Standard deviation return portfolio
0004

000

8
i

Standard detion returnportos
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H

g
§

Share Asset 2
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Diversification

Numeric example — correlation 1.0

Achievable combinations of risk and expected return
12000%

10000% *

i

so00% .

Standard wristinn of et

0004 *

20004

Expected value ofreturof portioio
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Diversification

Diversification

Numeric example — correlation -1.0

Numeric example — correlation -1.0

Probability 0,25 0,25 0,25 0,25
State of the

environment 1 2 B 4
Asset 1 10,00% 20,00% 40,00% 80,00%
Asset2 90,00% 80,00% 60,00% 20,00%

38 /41



Diversification

Diversification

Numeric example — correlation -1.0

Standard deviation return portfolio
0004

000

8
i

Standard detion returnportos
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g
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Share Asset 2
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Diversification

Numeric example — correlation -1.0

Achievable combinations of risk and expected return
10000%

9000%

o portols

Standard wristinn of et

Expected value ofreturof portioio
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Diversification

Lessons

To remember

1. Don't separate decisions to invest in assets.
» Consider correlation of risks.

2. Efficient portfolios can comprise assets that are dominated by
other assets.

3. The risk of a diversified portfolio might be lower than the
least risk in the portfolio.
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